Interactions of domain walls are analyzed with relevance to formation of stationary bubbles (bound state of two domain walls) and bound states of many domains in one-dimensional systems. We investigate the domain structures in ferromagnets which are described with the LandauLifshitz equation as well as the domains in critical systems described with the GinzburgLandau equation. Supplementing previous author studies on the creation of hard bubbles [formed by one Bloch domain wall and one Néel (Ising) domain wall] in the presence of an external (magnetic) eld, the soft bubbles consisting of two Bloch domain walls or two Néel (Ising) domain walls are studied in detail. The interactions of two domain walls of the same kind are studied in the framework of a perturbation calculus.
Introduction
Localized and patterned (labyrinth) structures in bistable media are widely considered with relevance to the storage of binary information [1, 2] . Far enough from the phase-transition point, the complexes of domain walls an especial interest in 1D states of many magnetic and polar DWs due to hopes for miniaturization of memory carriers which result from achievements of current nanowire technology [35] . It gave a new pulse for continuing research on the methods of controlling the motion of DWs in ferromagnetic wires whose intensive studies have begun over four decades ago motivated by the technology of magnetic bubbles in 2D systems [6] , and currently induces the interest in the driven motion of DWs in ferroelectric nanostructures [7] . The problem of stability of many-domain states is connected to the need of switching the domain-encoded binary information on demand since such process induces unbalanced interactions of the DWs. [8, 9] . In my recent papers on the externally-driven motion of DWs, I have studied the formation of 1D hard bubbles via collision of a Bloch DW with a Néel (Ising) DW in the normal and critical regimes (solving the LLG and GL equations, respectively) [10, 11] . Here, the energy of soft bubbles is studied as function of the bubble length within a perturbation calculus in order to complete the picture of the DW interactions.
I follow a perturbation approach to the DW interaction developed in Ref. [12] with relevance to the parametrically-driven nonlinear Schrödinger equation. It diers from previous ones (e.g. [13] ) in terms of the perturbation expansion of the dynamical parameter (magnetization) whose present form ensures conservation of the magnetization length.
With application to ferromagnets, the 1D approximation is relevant to crystalline nanowires with strong bulk anisotropy compared to surface magnetostatic effects (and, especially, with circular cross-section). The present analysis provides a basis for comparison of the DW interactions in such magnets to the interactions of DWs in the nanostripes of soft ferromagnets which are studied in Ref. [14] .
Binary interactions of the DWs and the stability of 1D bubbles are considered in Sects. 2 and 3, with relevance to the ferromagnetic wire at low temperatures and to the subcritical systems, respectively. In Sect. 4, the stability of many-DW 1D systems is considered on the basis of previous-section results.
2. Bubbles of magnetic DWs at low temperatures I consider DW solutions to the LLG equation applied to the exchange ferromagnet with the two-axis anisotropy
which is a completed (via including the external magnetic eld and damping) system that was originally studied in [15] . The rst term of the right hand side (rhs)
of (1) Introducing m ± ≡ m y ± i m z , one represents the magnetization components using a pair of complex functions g(x, t), f (x, t). The relation between the primary and secondary dynamical variables
ensures that |m| = M . Inserting (2) into (1) leads, following the Hirota method for solving nonlinear equations [15, 17] , to
where D t , D x denote the Hirota operators of dierentiation which are dened by
The above Hirota reduction of the LLG equation is indicated in order to provide an easy way of verication of below used DW solutions to the original equation.
For H = 0, the stationary single-DW solutions to (3) take the form
Let us dene ϕ following e i ϕ = w/|w|, thus, ϕ = ±π/2 for Bloch DW while ϕ = 0, π for the Néel DW. Note that another nomenclature is often used, one calls the Bloch DWs as the Néel DWs and vice versa (I follow [17] ). 
where m (j) denotes a stationary single-DW solution to (1) [which corresponds to (4)]
while δm (j) denotes a perturbation due to the presence of another DW. Here σ 1 = −σ 2 = ±1, ϕ 1 = ±ϕ 2 and |ϕ j | = π/2 (a pair of the Bloch DWs) or ϕ j = 0, π (a pair of the Néel DWs). When I assume k > 0, σ j = 1 relates to the head-to-head spin structure while σ j = −1
to the tail-to-tail structure. I apply the perturbation of the form
where k = j, while plus and minus relate to the bubble magnetization parallel and antiparallel to x-axis, respectively. It is motivated by necessity of satisfying the constraint |m| = M . The ansatz (7) leads to
+ m
and it is easy to check that the above constraint is ful- 
z /M | of the rhs of (7) are much smaller than one.
Let a ≡ k(x 02 − x 01 ). Inserting (8) into the density of
where H Z denotes the Zeeman part of the Hamiltonian, one arrives at the dependence of the energy E 0(Z) ≡ ∞ −∞ H 0(Z) dx of the initial static state of the DW pair on a (on the distance between the DW centers)
where θ = 1 for the Néel DWs while θ = 0 for the Bloch DWs, and I In both the cases (of opposite and like chiralities), it is possible to create a stationary magnetization bubble applying an external magnetic eld in the direction pursuant or opposite to the bubble magnetization, respectively. However, only in the case of ϕ 1 = ϕ 2 ± π, the function E(a) ≡ E 0 (a) + E Z (a) has a minimum at a = 0 (see Fig. 1 ). Therefore, only the bubble created by the 
for w = w * , θ = 1 (an untwisted double-Néel DW), and for w = −w * , θ = 0 (an untwisted double-Bloch DW). Inserting f = 1 + v, g = w e kx − w e −kx into (3), one nds
for w = w * , θ = 1 (a twisted double-Néel DW), and for w = −w * , θ = 0 (a twisted double-Bloch DW).
The untwisted double-DWs are called nuclei while the twisted double-DWs are called 2π-DWs. Since typically β 1 β 2 while |H x | = β 1 /γ corresponds to the coercion--eld value (hence, I assume |H x | β 1 /γ), the untwisted and twisted double-DWs relate to dierent (parallel or antiparallel to the bubble magnetization, respectively) directions of the external magnetic eld, which ensures that v in (12) or (13) is determined. In order that the existence of nuclei was possible, the DWs of like chiralities must attract, thus, the nucleus vanishes after turning the magnetic eld o. The prediction on stability of the 2π-DWs and instability of nuclei is in accordance with a study of linear-excitation scattering on the soft magnetization bubbles and with simulations [18, 20] .
In order to complete the picture of the bubble formation in 1D ferromagnet, I refer to my previous study of bound states of one Bloch DW and of one Néel DW [10] .
In the absence of external eld, such a stationary state is described by a exact solution to the LLG equation, hence, there is no interaction between the walls. An interaction appears, however, upon the eld application due to a Néel DW with change of the head-to-head structure into the tail-to-tail one (and vice versa) which is illustrated in Fig. 2 , and it is similar to the collision of spontaneously propagating (in absence of dissipation) DWs [17] . Since, under the action of the external eld, the dierent-type DWs interact repulsively, they can form a bubble which is an 1D counterpart of the hard bubble of planar magnets.
Bubbles near criticality
The subcritical dynamics of bistable systems is governed by the GL equation
Applied to a plane-ordered easy-axis ferromagnet (m = m x + i m y ), J denotes an exchange constant, β 2 corresponds to a constant of anisotropy (for the hard direction y), β 1 + β 2 ∼ (T c − T )/T c and µ are the parameters of the GinzburgLandau potential that describes a phase transition at a critical temperature T c (see the energy density below), α denotes a dissipation constant [21, 22] .
Also, Eq. (14) is a generic system for a class of the so called subcritical wave problems in dierent branches of physics whose genuine amplitude equations may dier from (14) by adding small imaginary parts to the (real) parameters α, J, β 1(2) , µ [23, 24] . For β 1 > 3β 2 , (14) describes the evolution of the Bloch (of lower energy) and the Ising (of higher energy) DWs and their complexes. The eld-induced creation of 1D
hard bubble (composed of one Bloch DW and one Ising DW) has been investigated in [11] . It has been found to be similar to the dynamics of the hard bubble in the low temperature regime. For H = 0, the stationary state of one Ising DW and one Bloch DW in an 1D subcritical system is described by an exact solution to (14) , thus, both the DWs do not interact [23] . The eld-driven collision of the Ising DW with the Bloch DW induces their mutual reection, hence, they can form a similar hard bubble as it was described in the previous section. I mention that an analysis of linear-wave scattering on the Bloch
Ising complex with the parametrically-driven nonlinear Schrödinger equation has shown the dynamically-induced repulsion of both the walls, too [25] . Below I pay my attention to soft magnetization bubbles (composed of two Bloch DWs or of two Ising DWs).
In the rst perturbation approximation, in the vicinity of the center of j-th DW (j = 1, 2), the magnetization prole can be written as
where m (j) denotes an exact (stationary) single-DW solution to (14) for H = 0
Here 
is small provided the distance between the DWs is larger than their width, leads to
This form of the initial magnetization was used in [12] , whereas, previous treatments of the DW interactions within the GL approximation used the ansatz δm (j) = m (k) ± (β 1 + β 2 )/µ, k = j, by an analogy to the perturbation calculus for nontopological (bright) solitons [13] . 
− 80 sinh(a) − 15 sinh(3a) + sinh(5a) ,
E Z (a) = −2γH
while for the Bloch DWs (E 0 is derived up to the lowest order in β 2 /β 1 ); in Fig. 1 and Fig. 3) , hence, unlike for weak elds, in a regime of strong eld, the hard bubbles can be energetically favorable [8] .
